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Abstract We report on two sets of isothermal acoustic measurements made with
argon close to the triple point of water using a 50 mm radius, thin-walled, diamond-
turned quasisphere. Our two isotherms yielded values for the Boltzmann constant, kB,
which differ by 0.9 parts in 106, and have an average value of kB = (1.380 649 6 ±
0.000 004 3)×10−23J · K−1. The relative uncertainty is 3.1 parts in 106, and the aver-
age value is 0.58 parts in 106 below the 2006 CODATA value (Mohr et al. Rev Mod
Phys 80:633, 2008), and so the values are consistent within their combined (k = 1)
uncertainties.

Keywords Acoustic resonance · Boltzmann constant · Kelvin redefinition ·
Microwave resonance · Quasi-sphere

1 Introduction

After studying a large number of alternatives, NPL decided that the best chance of
determining a value of kB with an uncertainty below 1 part in 106 was through an
accurate determination of the speed of sound in a noble gas. This view was supported
by Felmuth et al. [2] in their review of available methods. In choosing this technique,
we are building on foundations established over two decades by Moldover et al. [3,4],
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and by several other researchers, notably Pitre and Moldover [5], Gavioso et al. [6],
Mehl [7–11], and Oxborrow [12].

At NPL, we have begun construction of an apparatus to determine kB with an uncer-
tainty below 1 part in 106 in 2010, and, here, we report preliminary measurements
made during the period from January 2009 to May 2009. The experiments were con-
ducted using a copper quasisphere (TCU1v4) borrowed from the Laboratoire National
d’Essais (LNE) in Paris. The sphere had an unusually thin wall designed to enhance
the effect of interactions between the acoustic resonances and shell vibrations. Two
determinations of kB were made with the sphere supported differently to examine the
effects of the shell interaction.

The structure of this article is as follows. In §2, we describe the experimental
arrangement and procedure. In §3, we describe the analysis of the data and the steps
used to deduce a value of kB. In §4, we consider the prospects for reducing our mea-
surement uncertainty to below 1 part in 106.

2 Experimental Details

2.1 The Sphere: TCU1v3

The copper quasi-sphere (Fig. 1) was originally manufactured using conventional
workshop technique, but was re-machined using diamond-turning techniques by Nano-
shape SA [13]. Diamond-turning allows very precise manufacturing to form and results
in a very low surface roughness, typically described by a standard deviation Ra ∼
5 nm. Most of the inner surface was mirror-like except for regions near the flange,
which appeared ‘clouded,’ presumably due to micron-level vibrations during manu-
facture, or possibly damage by swarf. The design form of the internal surface was a
triaxial ellipsoid described by

x2
[
a2

] + y2

[a (1 + ε1)]2 + z2

[a (1 + ε2)]2 = 1 (1)

with design values of a = 50 mm and ε1 and ε2 of 0.001 and 0.0005, respectively. This
results in principal radii of 50.00 mm, 50.05 mm, and 50.025 mm. Coordinate measur-
ing machine (CMM) data confirmed that the internal surface conformed closely to
this form with the exception that 20µm had been removed in error from one flange.
Over most of its surface, the shell was 5 mm thick, one half the normal thickness of
resonators used for acoustic thermometry.

2.2 General Arrangement

Two complete isotherms were measured close to 273.16 K while decreasing the pres-
sure from 600 kPa to 50 kPa. Figure 2 shows the sphere in its two mounting configu-
rations. For the first isotherm (referred to as ‘fixed’), the sphere was mounted rigidly
at its base to a stainless steel post of diameter 38 mm and length 100 mm. For the
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Fig. 1 TCU1v3—thin shell
diamond-turned 0.5-l
quasi-sphere
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Fig. 2 The sphere in the two measurement configurations ‘Fixed’ and ‘Hung’

second isotherm (referred to as ‘hung’), the sphere was hung from its equator by three
lengths of wire. Our aim in using these two mounting techniques was to measure and
characterise two distinct shell corrections.

Primitive temperature control of the sphere was achieved by immersing the pressure
vessel in a large dewar containing a mixture of water and ethylene glycol (Fig. 3) and
use of a re-circulating heater/chiller system. The temperature drifted steadily during
the isotherms (Fig. 4) by 70 mK for the ‘hung’ isotherm and 30 mK for the fixed
isotherm. Although the drift was larger than we anticipated, a correction has been
applied (§3.8), and a component in the uncertainty budget has been added to allow for
this.

123



Int J Thermophys (2010) 31:1310–1346 1313

circulator /  
chiller 

Argon in /out 

Acoustics 
in / out Microwave 

In / out 

Dewar

Sphere

PRT multi pin 
connector 

Pressure vessel 

Thermal anchor / 
connector block 

Water / 
ethylene 
glycol 
mixture 

Support / 
instrument 
frame

Fig. 3 Schematic diagram of the sphere and pressure vessel immersed in the dewar

Fig. 4 The difference in
temperature from the triple point
of water during the two
isotherms. Each isotherm took
approximately 5 days to
complete
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2.3 Thermometry

Three Tinsley Type 5187L standard capsule platinum resistance thermometers
(cSPRTs) [14] were mounted onto the sphere. In the ‘fixed’ experiment, two ther-
mometers were mounted in holes in the base of the sphere, and the third one was
placed at the equator. In the ‘hung’ experiment, thermometers were mounted in holes
in the base, along the equator and near to the top of the sphere. An ASL F18 resistance
bridge [15] was used to measure the ratio of the thermometer resistance to that of a
temperature-controlled 100 � standard resistor. Prior to the measurements, the ther-
mometers were calibrated at the triple point of water and at the gallium melting point.
Readings were corrected to zero measurement current. The calibration uncertainty
was 0.5 mK; however, the uncertainty close to the triple point of water is expected to
be much less. Self-heating tests where performed with the thermometers in situ, and
the measurements were also corrected to zero measurement current. With all other
electronics switched off, the temperature difference between the thermometers was
less than ±0.1 mK which is consistent with expected calibration uncertainty. However,
when the acoustic pre-amplifier (Type GRAS 26AC [16]) was switched on, a temper-
ature gradient was apparent varying from 0.6 mK at 600 kPa to 1.4 mK at 50 kPa. After
considering different schemes for compensation of this gradient, we simply took the
temperature of the equatorial thermometer to represent the temperature of the sphere
in all calculations in both isotherms and included a specific uncertainty component to
account for the gradient.

2.4 Gas Handling

A schematic diagram of the gas-handling scheme is shown in Fig. 6. The source argon
gas was supplied with a built-in purifier (BIP) consisting of a cartridge of molecu-
lar sieve. This was connected through all-metal regulators to a manifold manufac-
tured from internally electro-polished stainless steel pipework. The pipework was not
baked, but instead gas was passed through the system for one week prior to measure-
ments. Parts of the manifold were thermally insulated to minimise pressure fluctuations
resulting from laboratory temperature changes. The gas manifold allows many routing
options, but typically involves passage through two point-of-use gas purifiers (SAES
Model GC50 [17]) and a mass flow controller before entry to the sphere. Gas samples
for analysis were captured in 100 ml bottles and sent to the Institute for Reference
Material and Measurements (IRMM) for isotopic and purity analysis by gas mass
spectrometry.

Flow and pressure control were achieved using mass flow controllers (MFCs) at
the inlet and outlet of the sphere. The outlet MFC was set to maintain a given flow
rate through the system. The flow rate was 50 standard cubic centimeters per minute
(SCCM) during the ‘fixed’ isotherm, but was reduced to 5 SCCM during the ‘hung’
isotherm to improve pressure regulation. The inlet MFC was controlled to maintain
the required pressure as indicated by Druck DPI-150 [18] pressure meters. For the
‘fixed’ isotherm, pressure regulation was within 1.5 Pa of the set pressure, but for the
‘hung’ isotherm, the fluctuations were reduced to less than 0.3 Pa. A flow-dependent
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Fig. 5 (a) The calibration correction required for the pressure meters and (b) The residuals of a fit to the
calibration data

correction was applied to the measured outlet pressure to determine the pressure inside
the sphere. A flexible resistance heater was wrapped around the ‘equator’ of the sphere
to counteract the temperature drop when the pressure was reduced.

In early testing, prior to acquiring data for the two isotherms, we noticed an offset
on the pressure meters when exposed to vacuum pressure, and we corrected for this.
However, for organizational reasons, the Druck DPI 150 pressure meters were only
fully calibrated after the experiment and analysis had been completed. Significant
errors were uncovered (Fig. 5). The two meters behaved similarly and had errors of
approximately 150 Pa at 50 kPa (0.3 %), rising to 200 Pa at 600 kPa (0.03 %). Inad-
vertently, the offset we had applied had actually made the situation worse rather than
better. Type testing of the meters indicated that their calibrations are stable, and so we
expect the calibration to have been valid during the isotherms. After calibration, the
residuals of a fit to the calibrated points were less than ±5 Pa. Overall, the uncertainty
in P is approximately 10 Pa at k = 1 across the entire range.

Using the corrected pressure data significantly affected our estimate of the thermal
boundary layer §3.2 and duct correction §3.2. The entire analysis was repeated from
the start with corrected pressure values, and it is this second analysis that is reported
in §3. Also included in this second analysis was a thermo-molecular correction for the
height difference (1.8 m) and temperature difference (20 ◦C) between the meters and
the sphere. At this point, we note that despite the very significant pressure errors in
the initial analysis (0.4 % at 50 kPa including our incorrect offset), the inferred value
of kB shifted by only 0.1 part in 106. This gives us confidence in the robustness of our
estimate and the conservative nature of our uncertainty analysis.

123



1316 Int J Thermophys (2010) 31:1310–1346

8 bar 

Vacuum 
Pump 

 Inlet gas panel Outlet gas panel 

Pressure 
Vessel 

MFC control

Argon (with built in purifier) 

MFC 1

Druck DPI 150 Druck DPI 150 

MFC 2 
filter 

Purifier 2 1 litre 
ballast 
volume 

3 litre 
ballast 
volume

Purifier 1 

Fig. 6 Gas handling system

The gas inlet comprises a 6 m length of stainless steel tubing (internal radius
0.572 mm) wrapped around the equator of the sphere to improve thermalization of the
gas. This is joined to a 100 mm tube (internal radius 0.254 mm) just prior to entering
the sphere. The gas leaves the sphere via a 50 mm long tube (internal radius 0.381 mm)
which vents to the pressure vessel (volume 12 L).

2.5 Argon Isotopic Analysis and Chemical Purity

The gas used for the ‘fixed’ experiment was Air Products BIP+ argon, and the gas
used for the ‘hung’ experiment was Air Products BIP argon. The ‘+’ indicates a lower
concentration of impurities, mainly hydrocarbons [19]

Table 1 shows a summary of the isotopic composition as measured at IRMM using
a specially constructed isotope ratio mass spectrometer [20–25]. Surprisingly, the mo-
lar mass was higher by 3.77(21) parts in 106 for the argon used in the hung isotherm.
Comparison with other analyses shows that the ‘fixed’ isotherm had an anomalously
enhanced isotope ratio of 38Ar to 40Ar—approximately (4.7±0.3) % higher than
‘normal’. For comparison, sample-to-sample variability in ion–current ratios are typ-
ically within 0.3 % of standard values.

We are still investigating the origin of this anomalous isotopic shift. The analyses
of both samples were reproducible within the stated uncertainty when re-measured
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Table 1 Isotopic composition of the argon gas used in the two isotherms

Argon gas Ion current ratio
[36Ar/40Ar]

Ion current ratio
[38Ar/40Ar]

Molar mass[Ar]
(g · mol−1)

BIP+ (‘fixed’ exp) 0.003 357 70 0.000 661 33 39.947 706 21

BIP (‘hung’ exp) 0.003 333 50 0.000 633 54 39.947 857 10

The analysis indicates a difference of 3.77 parts in 106

Table 2 Chemical impurity analysis

Sample 1 Sample 2

Upper limit Uncertainty Upper limit Uncertainty

N2 2 2 2 2

O2 0.1 0.1 0.3 0.1

H20 0.1 0.1 0.5 0.5

CO2 0.5 0.5 0.5 0.5

He 1 1 1 1

Ne 1 1 1 1

Total hydrocarbon 0.5 0.5 0.5 0.5

All figures are parts in 106 of amount concentration. Sample 1 was from BIP+ gas used in the ‘Fixed’
experiment, and Sample 2 was from BIP gas from the ‘Hung’ experiment

4 months later. From the perspective of this experiment, we believe the IRMM mea-
surements establish the isotopic mass with a relative uncertainty of 0.21 parts in 106.

The chemical impurity analysis from IRMM is shown in Table 2. Since the gas
passes through a getter before reaching our sphere, we are confident that the con-
centrations of the non-noble gases in our experiment were well below the IRMM
detectability limits. However, other noble gases will also pass through the getter. At
NPL, we have made uncalibrated mass spectrometer measurements on BIP argon and
failed to find any evidence for the presence of xenon, krypton or helium, but the same
experiments did provide evidence for the presence of neon. In addition, measurements
with a cold trap by one of us (LP) indicate that levels of krypton and xenon make no
detectable difference to the speed of sound in argon.

It is difficult to combine our preliminary evidence to make a realistic estimate of
the uncertainty in kB due to the presence of other noble gases in argon. Using our
uncalibrated mass spectrometry as a guide, we assume that our detected neon signal
corresponds to the limit of detection of the IRMM mass spectrometer (1 part in 106).
Since the molar mass of neon is one half the molar mass of argon, this would affect
our kB result by 0.5 part in 106. We consider that the maximum likely effect is twice
this value. This is consistent with agreement between our two results of 1 part in 106

after correcting for different isotopic composition, and this agreement is itself broadly
consistent with the hypothesis that levels of other noble gases are significantly lower
than the mass spectroscopic detection limits.

123



1318 Int J Thermophys (2010) 31:1310–1346

2.6 Acoustics

The (0, 2) to (0, 10) acoustic radial modes were measured six times at each pressure
using two 1/4” GRAS 40 BP microphones [16]. The source transducer was fitted with
a transmitter adapter (GRAS Type RA0086) and driven from a frequency-synthesised
sine wave generator (SRS DS335) [26] locked to a rubidium clock (SRS SIM940). The
transducer was polarised to 130 V and driven at 60 V peak-to-peak by a Krohn-Hite
7602 M wide band amplifier [27]. The microphone was connected directly to a GRAS
Type 26AC preamplifier within the pressure chamber, and then via feedthroughs to
a GRAS Type 12AA power module and from there to a lock-in amplifier (SRS 830).
Before each isotherm, both the sphere and pressure vessel were evacuated, and tests
during that time showed that there was no detectable microphone signal. This indicates
that electrical cross talk between the driver and detector transducers was negligible.

Data for a single acoustic resonance was acquired by reading the lock-in at uniform
frequency intervals over a range of ±6 times the expected half-width around the
expected resonance frequency. Data were taken both while increasing and decreasing
the frequency, and the two data sets were averaged. The temperature, pressure and
gas flow readings corresponding to the measurement were taken at the beginning and
end of the resonance sweep and also averaged. Typically data from a single resonance
were acquired in approximately 1 min. A fit was made to the resonance assuming a
complex Lorentzian line-shape on a linear background. Residuals of fits were gen-
erally less than 0.1 % of the peak amplitude and visually random. Once the required
pressure and flow set points had been reached, LabView [28] software controlled the
data collection process creating data files containing the preliminary fitted results and
the raw data for further post processing. In between the acoustic measurements, the
microwave TM11 and TM12 modes were measured to track changes in the radius of
the sphere with temperature and pressure.

After acquisition and initial analysis, the data from each resonance were checked.
The number of data points at the frequency extremities of each data set could be
adjusted until the uncertainty on the center frequency was a minimum. This adjust-
ment was not necessary for the lower frequency (0, 2) to (0, 5) resonances which we
used to estimate of kB. However, the density of acoustic resonances and spurious shell
modes at high frequencies was such that the (0, 6) to (0, 10) resonances frequently
occur close to other resonances, and their positions with respect to these resonances
varies through the isotherm.

2.7 Microwave Radius Estimates

Microwave measurements were made using an Agilent N5230A PNA-L network ana-
lyzer locked to the same SRS rubidium clock (SRS SIM940) used in the acoustic
measurements. Two small co-axial antennae were mounted in the sphere, such that the
centre conductor of each sat flush with the inner surface. The gap around each probe
was filled with epoxy to minimize acoustic perturbations. The radius of the sphere was
inferred from measurements of the TM11–TM16 microwave resonances made prior
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to fixing the sphere in the cryostat, and confirmed in situ using measurements of the
TM11 and TM12 resonances.

The TM11–TM16 modes were measured before the insertion of the acoustic trans-
ducers. The place of the acoustic transducers was filled with a copper blank which had
been machined in place at the same time that the inner surface was diamond-turned.
The surface thus closely matched the surrounding quasi-spherical surface. In addition
to the microwave ports, two small ports carried gas in and out of the sphere. Argon
gas was flowed through the sphere and the temperature and pressure of the argon was
measured and results corrected for changes in argon density. For each mode studied, a
frequency sweep of 201 points was made over the width of the associated triplet and
a complex resonance function was fitted to the measured S21 parameter.

The inference of the average radius is complex and requires several corrections
to be made (Table 3). After applying a skin depth correction based on the measured
half-widths (Fig. 7), we apply corrections to the observed TM1n frequencies for the
perturbations due to the gas inlet and outlet ducts, and the two microwave antennae.
These corrections are based on an extensive study of probe effects in quasi-spheres
by Underwood et al. [29]. Using values of ε1 and ε2 deduced from the splitting of
the microwave resonances, we then apply the second-order shape correction based on
the study of Mehl [8]. After this correction, the average radius inferred from each of
the six TM1n modes studied agreed within ±6.3 nm (Fig. 8). This demonstrates the
self-consistency of both the second-order shape correction and the probe corrections.

The blank plugs were then removed and the acoustic transducers fitted. The changes
in the internal surface profile were captured using ReplisetTM [30] resin, and the
resulting replica of the surface profile was subsequently analyzed using confocal
microscopy.

Inside the cryostat, measurements could only be made on the TM11 and TM12
resonances due to losses in the microwave feedthroughs and cable. The temperature
dependence of the radius was deduced at constant pressure during the warm up after
each experiment. The pressure dependence of the radius was measured from 50 kPa
to 600 kPa and during the two isotherms was found to be, respectively, 27 % and 20 %
larger than expected using the compressibility of copper reported by May et al. [31].
(7.52 × 10−12 Pa−1). However, this correction amounts to only 0.3 part in 106 at the
highest pressure. The main contribution to our uncertainty in this measurement was
the changing refractive index of the argon with pressure and our value agreed with
that of May et al. [31] within the uncertainty of our measurement.

In subsequent calculations of the speed of sound, we used the following expression
for the radius at a given temperature and pressure:

a (T, P) = a0

(
1 − K P

3
P + (T − 273.16) KT

)
(2)

where K P is the isothermal compressibility of copper 7.52 × 10−12Pa−1, KT is the
thermal expansivity of copper measured to be 16.324 × 10−6K−1 at T = 273.16 K,
and α0 is the radius of the sphere at T = 273.16 K and P = 0 kPa, found to be 50.258
213 mm. The uncertainty on this radius estimate derives mainly from uncertainties in
the probe corrections, and, in particular, on uncertainties in the effective volume of
the microphones. No change was observed in ε1 or ε2 as a function of pressure.
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Fig. 7 Microwave excess half-widths at 20 ◦C. The TM11–TM16 modes measured (a) with the copper
plugs inserted, and (b) with the microphones inserted. (c) The surface current density for the TM11 modes
showing the position of microphones. The shading shows the time-averaged surface current density and the
arrows show the current direction (at phase angle 0 ◦). The excess half-widths increase after inserting the
microphones only for the modes (center and right) which have regions of high surface current density in
the vicinity of the microphones

Fig. 8 Radius estimates for
TCU1 from the TM11 to TM16
modes after correction for probe
and second-order shape effects.
The error bars show the Type A
uncertainties while the scatter of
the data is an indication of the
self-consistency of the probe
corrections. The data correspond
to a temperature of 22.305 ◦C
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Measurements of the replica microphone structure implied that we should expect
to see a decrease in volume of the sphere of 16.2 parts in 106, i.e., the microphones
protruded slightly into the sphere. However, the microwave measurements implied a
decrease in volume of only 13.1 parts in 106. This difference amounts to a discrepancy
of 1 part in 106 on the average radius, and we consider this difference to be a likely
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Table 3 Second-order shape correction and corrected radii

Fixed Hung

Mode TM11 TM11 TM12

Fitted p = 0 radius / mm 50.258318 50.258313 50.258250

Linear fit term/ mm · kPa−1 −1.60 × 10−7 −1.51 × 10−7 −1.53 × 10−7

ε1 0.001048 0.001048 0.001051

ε2 0.000796 0.000796 0.000801

Second-order correction 0.16 0.16 0.95

Correction per duct −1.04 −1.04 −0.87

Correction per probe −1.04 −1.04 −0.87

Corrected p = 0 radius/ mm 50.258 213 50.258 216 50.258 210

The corrections are expressed in parts in 106 and refer to radii at the triple point of water
Bold value shows final radii after correction that are used in later calculations

Table 4 Summary of the measurement and post-processing procedure to obtain the Boltzmann constant

§3.1 Acquire raw data and determine centre frequencies f (0, n) and half-widths g(0, n)

§3.2 Evaluate and apply corrections for the thermal boundary layer and bulk dissipation

§3.3 Evaluate and apply correction for ducts

§3.4 Assess excess half-widths

§3.5 Evaluate and apply correction for transducer compliance

§3.6 Evaluate and apply second-order correction for quasi-spherical distortion

§3.7 Evaluate c2(T, P) using the radius deduced from microwaves

§3.8 Correct data from measurement temperature to the temperature of the triple point of water

§3.9 Fit isotherms for each mode separately

§3.10 Evaluate and apply shell correction

§3.11 Fit isotherms for combined (0, 2) to (0, 5) data

§3.12 Further analysis of isotherms and calculation of kB

The left-hand column shows the section number in which that part of the procedure is discussed

estimate of the Type B uncertainty in the radius estimation. This makes a contribution
of 2 parts in 106 to our uncertainty in kB, easily the largest contribution.

3 Analysis

A summary of the measurement and post-processing procedure used to obtain the
Boltzmann constant is shown in Table 4.

3.1 Step 1: Raw Data

Figure 9 shows typical raw data for the (0, 3) radial acoustic mode measured with
argon gas. The fitting uncertainty on the center frequency is 9 parts in 109.
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Fig. 10 Typical fitting
uncertainty of the center
frequency shown as a function
of pressure. The lock-in time
constant used at each pressure is
shown at the top of the figure
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Figure 10 shows the typical fitting uncertainty u(k = 1) on the center frequency of
the lowest four radial modes. The lock-in time constant is also shown on the figure.

3.2 Step 2: Thermal Boundary Layer and Bulk Dissipation Correction

The thermal boundary layer (TBL) is a layer of gas near the walls of the resonator
in which the periodic temperature oscillations associated with the acoustic pressure
oscillations are reduced because of the enhanced thermal conductivity of the walls.
It forms the largest single correction to the resonant frequencies, and amounts in our
case to approximately 336 parts in 106 for the (0, 2) resonance at 50 kPa, falling to
only 51 parts in 106 for the (0, 6) resonance at 600 kPa. It also contributes significantly
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to the broadening of the resonances. For our target uncertainty, the TBL correction
must therefore be estimated with a relative uncertainty of approximately 1 part in 103

or better. Based on the studies by Oxborrow [12], Benedetto et al. [6] and Moldover
et al. [4], the TBL correction is estimated from

� fTBL

f
= − (γ − 1)

2a
δth + (γ − 1)

a
lth + (γ − 1)

2a
δth,Cu · λGas

λShell
(3)

gTBL

f
= (γ − 1)

2a
δth + (γ − 1)

2a
δth,Cu · λGas

λShell
(4)

where � fTBL/ f is the fractional change in resonance frequency and gTBL/ f is the
fractional half-width; γ is the ratio of principal heat capacities of the gas; λGas and
λShell are the thermal conductivities of the gas and the shell, respectively; a is the
average radius of the sphere; and δth is the thermal penetration length; and lth is the
thermal accommodation length.

The bulk dissipation correction, which accounts for losses in the gas, broadens the
resonance but does not change the frequency. Here, this correction (scaled by the fre-
quency) amounts to approximately 31 parts in 106 for the (0, 6) resonance at 50 kPa,
falling to only 1 part in 106 for the (0, 2) at 600 kPa. The bulk dissipation contribution
to the half-width is given by

�gBULKDIS

f
= f 2 π2

u2

[
4

3
δ2

v + (γ − 1) δ2
th

]
(5)

where u is the speed of sound and δv is the viscous penetration length. The TBL and
bulk dissipation corrections were subtracted from the raw data to estimate the ‘ideal’
resonance frequencies and half-widths.

The uncertainties in the TBL and bulk dissipation terms arise from the uncertainties
in the quantities listed in Table 5. The terms include: the measured parameters T, P,
M(Ar), and a; the thermophysical properties λGas, ηGas (viscosity); 2nd and 3rd virial
coefficients; and the derivatives of the 2nd and 3rd virial coefficients with respect
to T. We have estimated the uncertainty in Eqs. 3 to 5 using the uncertainty in each
parameter shown in Table 5.

We calculate the combined uncertainty due to the TBL and bulk dissipation cor-
rection by quadrature summation. Figure 11 shows the uncertainty for the frequency
and half-width for the (0, 2) to (0, 6) radial modes.

Over the pressure range 50 kPa to 600 kPa, the uncertainties vary from 0.26 part in
106 to 0.1 part in 106 for � f/ f moving from the (0, 2) to (0, 10) mode, and from 0.28
part in 106 to 0.17 part in 106 for g/f moving from the (0, 2) to (0, 10) mode. At the
highest measurement pressure of 600 kPa, the uncertainties in � f/ f and g/f are less
than 0.1 parts in 106 for all modes.
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Table 5 Input parameter uncertainties used to determine the uncertainty in the TBL and bulk dissipation
correction

Parameter Description Parameter standard
uncertainty

T Temperature 50 mK

P Pressure 10 Pa

M(Ar) Molar mass 0.1 %

a Radius 0.1 %

λ Thermal conductivity 0.1 %

η Viscosity 0.1 %

B 2nd virial coefficient 1.0 %

dB/dT 1st derivative of 2nd virial coefficient w.r.t T 1.0 %

d2 B/dT 2 2nd derivative of 2nd virial coefficient w.r.t. T 1.0 %

C 3rd virial coefficient 10.0 %

dC /dT 1st derivative of 3rd virial coefficient w.r.t T 10.0 %

d2C /dT 2 2nd derivative of 3rd virial coefficient w.r.t. T 10.0 %

All parameter estimates refer to the triple point of water
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Fig. 11 Combined standard uncertainty in the TBL and bulk dissipation correction for (a) the frequency
u(� f/ f ) and (b) the half-width u(g/ f ). The vertical scale is logarithmic

3.3 Step 3: Duct Correction

The tubes—referred to acoustically as ducts—carrying gas into and out of the sphere
affect the experiment in several ways. Firstly, to the extent that acoustic energy is
reflected from the end of the tube, the resonance frequency is shifted. Secondly, to the
extent that energy is dissipated in the tube, the half-width of the sphere resonance is
perturbed. Finally, to the extent that the tube represents a flow impedance, the pressure
measured outside the sphere does not reflect the pressure inside the sphere.
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The first two perturbations are dealt with by modelling based on the study of Mehl
et al. [7]. The inlet tube is 6 m long, and almost no acoustic energy is reflected back into
the sphere. Instead, the tube increases the half-width of the resonances. The outlet tube
is more problematic. This is made short to minimize the pressure difference between
the inside and the outside of the sphere. Our measurements indicate the pressure dif-
ference is given by

�P = c
Q

P
where c = 307 × 103 Pa2

SCCM
(6)

where Q is the flow rate and P is the pressure. This correction was largest for the
‘fixed’ isotherm when the largest flow rate of 50 SCCM was used. At the lowest
pressure 50 kPa, the pressure correction is 307 Pa. For the ‘hung’ isotherm, the largest
correction was 10 times smaller due to the lower flow rate.

The method of equivalent T circuits [5] was used to determine the acoustic imped-
ance of each duct and consequently the perturbation to the resonance frequencies
and half-widths. The inlet duct consisted of two cylindrical ducts in series. The first,
attached to the sphere, had a length of L1 = 100 mm and a radius r1 = 0.254 mm.
The second, attached to the first, had a length of L2 = 6000 mm and a radius of
r2 = 0.572 mm. This second duct was coiled around the middle of the outside of the
sphere and then connected to the feed-in pipe work of the pressure vessel. The outlet
duct consisted of a single tube of length L = 50 mm and radius r = 0.381 mm which
vented directly into the pressure vessel.

Figures 12 and 13 show the results of a calculation of the combined inlet and outlet
duct perturbations in � f/ f and g/f, respectively. The (0, 2) mode shows the largest
variation with pressure. These perturbations were subtracted from the measured val-
ues of f(0, n) and g(0, n). An analysis of the sensitivity of the duct correction to the
radii of the ducts closest to the sphere indicates that a 5 % uncertainty in the radii can
result in a change of up to 0.1 parts in 106 on the frequency correction.
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Fig. 12 Combined inlet and outlet duct frequency perturbation
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Fig. 13 Combined inlet and outlet duct half-width perturbation

3.4 Step 4: Assess Excess Half-Widths

The ‘excess’ half-width �g is the width of the resonance which is unaccounted for
by the effects discussed in §3.2 and §3.3 The assessment of the excess half-width is
important because it is one measure of the magnitude of unexplained or unanticipated
physics, and gives an order-of-magnitude estimate for any possible frequency shifts
which might affect the inference of kB.

Figures 14 and 15 show the excess half-widths for the ‘fixed’ and ‘hung’ isotherms,
respectively. The excess half-widths are small for the first four modes, grow larger
around the (0, 6) mode, and fall for the remaining higher-order modes. The strong
peak in the excess half-width is due to the interaction between the radial acoustic
modes and the breathing mode of the shell.

The excess half-width versus pressure for the lowest four modes is shown in detail
in Fig. 16. The data are similar for the two isotherms. The ‘excess’ half-width is
negative for the (0,2) mode but varies linearly with pressure for the (0, 3) to (0, 5)
modes, and extrapolates to zero within 0.5 parts in 106. This indicates that the data
have been ‘over-corrected’ or that there is some ‘mode narrowing’ process occurring.
Despite extensive investigation, the origin of this negative ‘excess’ half-width has not
become apparent. Taking account of the weak statistical weighting of the low pressure
points, we have assigned a conservative uncertainty of 0.7 parts in 106 in the resonant
frequencies (shown as a dotted line in Fig. 16) to account for the unknown physics
behind this effect. This leads to an uncertainty of 1.4 parts in 106 in our estimate of
kB.

3.5 Step 5: Transducer Compliance Correction

Based on the study of [4], the frequency shifts to the radial modes induced by the
presence of two condenser microphones can be calculated using:
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Fig. 15 Excess half-width for the ‘hung’ isotherm. The dotted line shows the approximate location of the
breathing mode as deduced in §3.10

� ftr

f0n
= −ρc2 Xmr2

tr

2a3 (7)

where ρ is the gas density, Xm is the compliance per unit area of the micro-
phone (1.5 × 10−10 m · Pa−1) and rtr is the radius of the microphone. Figure 17
shows the fractional frequency perturbation subtracted from the measured values of
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f (0, n). Accounting for the two microphones, this perturbation can be expressed as
1
P

� f
f = −0.00619 parts in 106 kPa−1.
Guianvarc’h et al. [32] have proposed a more complex model for the transducer

perturbation in which, compared to Fig. 17, the frequency shift differs with mode
number. Since the perturbation for the lowest four radial modes (0,2) to (0,5) (used
in the determination of kB in this study) are still approximately linear in pressure and
of similar magnitude, this more sophisticated model has not been applied to the data.
However, this will not affect the zero pressure intercept of our isotherms.

3.6 Step 6: Second-Order Shape Perturbation

The second-order shape perturbation to the acoustic modes accounts for the fact that
the resonator is a triaxial ellipsoid rather a sphere. It is evaluated based on the method
of Mehl [9] and calculated using:
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Table 6 Second-order shape
perturbation to radial acoustic
modes calculated for a triaxial
ellipsoid with ε1 = 0.001051
ε2 = 0.000801 deduced from
microwave measurements

Mode z(0, n) � f/ f (parts in 106)

2 4.493 409 458 0.539

3 7.725 251 836 1.593

4 10.904 121 659 3.174

5 14.066 193 912 5.282

6 17.220 755 272 7.917

7 20.371 302 959 11.079

8 23.519 452 498 14.768

9 26.666 054 259 18.984

10 29.811 598 790 23.727

�z2
n

z2
n

= 8z2
n

135

(
ε2

1 − ε1ε2 + ε2
2

)
(8)

where zn is the eigenvalue of the nth radial mode and ε1 and ε2 are the eccentricities
of the sphere calculated from microwave measurements (Table 3). In order to correct
the frequency (not c2), we divide this perturbation by two and subtract it from the
measurements. Table 6 shows the second-order shape perturbation.

3.7 Step 7: Calculation of the Speed of Sound Squared

The frequency measurements are converted to the speed of sound squared, c2, using

c2 =
(

2π fn

zn

)2

a2(T, P) (9)

where fn is the frequency of the nth mode and zn the corresponding eigenvalue.
The radius of the sphere at the measurement temperature and pressure T and P, a(T, P)

is given by Eq. 2.

3.8 Step 8: Correction of Resonance Frequencies to T = 273.16 K

The resonance frequencies were corrected to the equivalent frequency at the triple
point of water, TTPW (273.16 K), using

fn (TTPW, P) = fn (Tmeas, P) .

(
TTPW

Tmeas

)1/2
(

1 + β(TTPW)
RTTPW

P
)1/2

(
1 + β(Tmeas)

RTmeas
P

)1/2 (10)

Uncertainty in this correction arises from uncertainty in the temperature of the gas
within the sphere, which is inferred from measurements of the sphere temperature via
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the cSPRTs. We estimate the uncertainty in the gas temperature, assuming the temper-
ature at the equator of the sphere is representative, to be of the order �T = 0.25 mK
and convert this uncertainty in T to uncertainty in f by

� fn

fn
≈ 1

2

�T

TTPW
(11)

which gives a fractional uncertainty of 0.46 parts in 106 in our estimation of the
frequency of resonances at TTPW. Since kB is related to the speed of sound squared,
this translates into an uncertainty of 0.92 parts in 106 in kB.

3.9 Step 9: Mode-by-Mode Isotherm Analysis

In order to make a meaningful fit of the c2 versus pressure data, the uncertainty of each
c2 datum was evaluated. Summing the uncertainty on the fitted resonance frequencies
(Fig. 10) and those due to the TBL and bulk dissipation corrections (Fig. 11) in quadra-
ture, we calculated the combined uncertainty on fn (Fig. 18a). Re-casting in absolute
c2 units, the uncertainty varies from 0.018 m2 · s−2 at 600 kPa to 0.061 m2 · s−2 at
50 kPa. (Fig 18b). The c2 versus P data for each individual mode was then fitted to

c2 − A3 P3 = A0 + A1 P + A2 P2 + A−1 P−1 (12)

where A3 = 1.45×10−9m2 · s−2 · kPa−3 [4] the P−1 term allows for any imprecision
in the thermal accommodation coefficient (h) to be fitted.

Figure 19 shows the fitted parameters (A0, A1, A2, A−1) determined with a
weighted least squares fit (using the uncertainty given in Fig. 18). We see that the
first four modes (0, 2) to (0, 5) yield reasonably consistent values of the parameters,
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Fig. 19 Fit parameters for each mode using Eq. 13: (a) A0, (b) A1, (c) A2, (d) A−1

but the higher order modes do not. The (0, 6) and (0, 7) modes are significantly af-
fected by interactions with the shell’s breathing mode resonance whereas the centre
frequency of higher order modes (0, 9) and (0, 10) were not fitted well due to modal
overlap at high frequencies. For this reason, only the (0, 2) to (0, 5) data were included
in further processing. The (0, 8) data initially looked relatively unperturbed but later
tests showed that it was positioned in a modally complex region of the vibrational
spectrum.

The fitting residuals are shown in Fig. 20a–h.

3.10 Assessment of the Shell Breathing Mode Correction

Using the first four radial modes (0, 2) to (0, 5) as candidates for determination of
the Boltzmann constant, the perturbation to the c2 data due to the breathing mode
was estimated. Based on the procedure of Pitre et al. [5], we determined the shell
correction for each mode and the second acoustic virial coefficient. We assume that
the shell perturbation reduces c2 by � c2

shell given by
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Fig. 20 (a–d) Residuals for the (0, 2) to (0, 5) modes for the ‘fixed’ c2 versus P isotherm. (e–h) Residuals
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� c2
shell

c2 ≈ 2κ P

1 − (
f(0,n)/ fbreath

)2 (13)

where P is the pressure; f(0,n) is the nominal frequency of the nth radial acoustic mode;
fbreathis the frequency of the shell breathing mode; and κ is given by

κ = 5a

ρshellu2
shell

(14)

where a is the sphere’s inner radius, t is the shell thickness, ρshell is the density of the
shell, and u2

shell is the longitudinal speed of sound in the shell material (copper). The
c2 data versus pressure for each isotherm was fitted using

c2 − A′
3 P ′3 = A0 + A′

1 P ′ + A′
2 P ′2 + A′−1 P ′−1 (15)

where P ′ is the pressure in kPa. Based on the study of [5], we divide both sides of
Eq. 18 by A0 and re-cast it in SI pressure units leading to

c2

A0
− A3 P3

A0
= 1 + A1 P + A2 P2 + A−1 P−1 (16)

with Eq. 16 in this form, the second acoustic virial coefficient is given by

βA = RT A1 (17)
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Table 7 Parameter values used for estimating the shell breathing mode frequency

Parameter Value Parameter Value

a0 ( mm) 50.258213 K (Pa−1) 4.1421 × 10−11

t (m) 0.005 a0 (m2 · s−2) 94756.4826

ρCu (kg · m−3) 8933 R (J · mol−1 · K−1) 8.314472

uCu (m · s−1) 4757.9 T (K) 273.16

Table 8 Fit parameters and correction term (*) for shell perturbation: TCU1—‘Fixed’ isotherm

Radial
mode

fn(Hz) A′
1

(m2 · s−2 · kPa−1)

A1
(Pa−1)

βA
(cm3 ·mol−1)

βA(corr)
(cm3 · mol−1)

1/P∗�c2/

c2(*)

2 4380.71435 0.21598 2.2793×10−9 5.1767 5.3763 8.78869×10−11

3 7531.50183 0.21420 2.2606×10−9 5.1342 5.3608 9.97694×10−11

4 10630.6453 0.21136 2.2305×10−9 5.0659 5.3501 1.25144×10−10

5 13713.4125 0.20651 2.1794×10−9 4.9498 5.3798 1.89351×10−10

fbreath = 18.285 kHz and βA = 5.367 cm3 · mol−1. The data for βA and βA(corr) are plotted in Fig. 21

As a consequence of Eq. 13, A1 shows a frequency-dependent correction given by

2κ

1 − (
f(0,n)/ fbreath

)2 (18)

Since physically we expect the virial coefficient to be frequency independent, the pro-
cedure for determining the shell correction involves adjustment of fbreath in Eq. 18
until the apparent frequency dependence of βA is removed. Figure 21 shows the result
for both isotherms. The estimated breathing mode frequencies are 18.285 kHz for
the ‘fixed’ isotherm and 17.897 kHz for the ‘hung’ isotherm. The values for βA are
5.367 cm3 · mol−1 and 5.387 cm3 · mol−1 for the ‘fixed’ and ‘hung’ isotherms, respec-
tively. These values are respectively 0.90 % and 0.53 % lower than the value found by
Pitre et al. [5]. Table 7 shows the values of the parameters used in the model.

Tables 8 and 9 show the fit parameters and the correction term that was added to the
c2 data to account for the shell perturbation for the ‘Fixed’ and ‘Hung’ experiments
respectively. Once these corrections have been made, the c2 versus P isotherms for
the (0, 2) to (0, 5) data can be directly compared, and fitted with a single curve.

3.11 Isotherm Analysis of Combined (0, 2) to (0, 5) Mode Data: Determination of A0

With the breathing mode shell correction applied to the (0, 2) to (0, 5) mode data, a
single fit (Eq. 13) was applied to the combined data set (Fig. 22).

Although the data is fitted with a single curve, the residuals for each mode can be
identified by their grouping (Fig. 22b, d). This implies that there is an as yet uniden-
tified systematic mode-dependent effect. In order to investigate the implications of
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Table 9 Fit parameters and correction term (*) for shell perturbation: TCU1—‘Hung’ isotherm

Radial
mode

fn(Hz) A′
1

(m2 · s−2 · kPa−1)

A1 (Pa−1) βA
(cm3 · mol−1)

βA(corr)
(cm3 · mol−1)

1/P∗�c2/

c2(∗)

2 4380.714347 0.21656 2.2855×10−9 5.1908 5.3909 8.81220×10−11

3 7531.501834 0.21562 2.2755×10−9 5.1681 5.3967 1.00671×10−10

4 10630.64532 0.21139 2.2309×10−9 5.0667 5.3574 1.28007×10−10

5 13713.41252 0.20645 2.1787×10−9 4.9483 5.4040 2.00653×10−10

fbreath = 17.897 kHz and βA = 5.387 cm3 · mol−1. The data for βA and βA(corr) are plotted in Fig. 21
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Fig. 22 Fit to the combined (0, 2) to (0, 5) modes after application of the shell correction. (a, b) show the
fit and residuals for the ‘fixed’ isotherm and (c, d) show the fit and residuals for the ‘hung’ isotherm
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this effect for our determination of kB, we compared the extrapolated value of c2 at
zero pressure (A0) determined for (a) individually fitted non-shell corrected (0, 2) to
(0, 5) data (Fig. 20) and (b) the combined (0, 2) to (0, 5) shell corrected data (Fig. 22).
The comparison (Table 10) indicates that independent of the way in which the shell is
accounted for, the estimated value of A0(c2) is the same to less than 0.04 parts in 106.
The analysis indicates that A0 for the ‘hung’ isotherm is 2.77 parts in 106 lower than
that of the ‘fixed’ isotherm.

The Boltzmann constant is deduced from the acoustic data using

kB = M(Ar) c2
0

γ0 NATTPW
(19)

where M(Ar) is the mean molar mass of the gas, NA is the Avogadro number, c0 is
the speed of sound at T = 273.16 K in the limit of zero pressure, and γ0 is the zero
pressure limit of the ratio of molar heat capacities. Using the value for c2 given in
Table 10, we can estimate the Boltzmann constant from the two isotherms. Table 11
summarizes our preliminary estimate of kB.

Table 11 shows that the difference of 2.77 parts in 106 between our two estimates
of the zero pressure limit of c2, is in large part due to the change in the isotopic com-
position of the argon used. The difference between the inferred values of kB between
the ‘fixed’ and ‘hung’ isotherms is 1.01 parts in 106.

3.12 Further Analysis of Isotherms

We carried out extensive investigations of alternative fitting procedures for analyzing
the two isotherms, including different techniques of accounting for the P3 and P−1

terms. Six different analysis procedures were considered and the data re-fitted for
each procedure (Table 12). We tested the effect of varying the A3 coefficient and sub-
tracting the A3 P3 from the c2 data before fitting the remaining parameters; or fitting
this parameter. In addition, we tested the effect of fixing and subtracting the value of
the A−1 term by using either individually fitted, or average, values of h, the thermal
accommodation coefficient. The six procedures are summarized in Eq. 20 in which
parameters to the left of the equality are fixed and parameters to the right are fitted to
the data.

c2 − A3 P3 = A0 + A1 P + A2 P2 + A−1 P−1

c2 = A0 + A1 P + A2 P2 + A3 P3 + A−1 P−1

c2 − A−1 P−1 = A0 + A1 P + A2 P2 + A3 P3

c2 − A3 P3 − A−1 P−1 = A0 + A1 P + A2 P2

c2 − A3 P3 − A−1 P−1 = A0 + A1 P + A2 P2

[1, 2] A3 fixed & A−1 fitted
[3] A3 & A−1 terms fitted
[4] A3 fitted & h fixed at average value
[5] A3 & h fixed at average value
[6] A3 & h fixed for each isotherm

(20)

For the initial estimate of kB (Table 11) we set A3 = 1.45 × 10−9 m2 · s−2 · kPa−3

as used by Moldover et al. [4] on the basis of a study done by Goodwin [37]. This is
given as Fit 1 in Table 12. This predicts kB values 1.181 parts in 106 and 0.175 parts
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Table 11 The determination of the Boltzmann Constant from ‘fixed’ and ‘hung’ isotherms

Parameter Units Fixed Hung Difference
(parts in 106)

M(Ar) kg · mol−1 0.039947706 0.039947857 3.78

c2(273.16 K, 0 Pa) m2 · s−2 94756.3246 94756.0626 −2.77

kB J · K−1 1.3806488 × 10−23 1.3806502 × 10−23 1.01

Table 12 Results of six different fitting procedures on the ‘fixed’ and ‘hung’ isotherms

Fit Description �kB
[fixed]—
CODATA

�kB
[hung]—
CODATA

Difference Average

[1] Thermal accommodation fitted h = 0.93 Fixed −1.181 −0.175 1.006 −0.678
Thermal accommodation fitted h = 0.83 Hung
Fixed A3 = 1.45 × 10−9 m2 · s−2 · kPa−3

[2] Thermal accommodation fitted h = 0.93 Fixed −1.023 −0.011 1.012 −0.517
Thermal accommodation fitted h = 0.84 Hung
Fixed A3 = 1.20 × 10−9 m2 · s−2 · kPa−3

[3] Thermal accommodation fitted h = 0.89 Fixed −1.784 2.767 4.550 0.492
Thermal accommodation fitted h = 0.97 Hung
Fitted A3 = 2.404 × 10−9 m2 · s−2 · kPa−3 (Fixed)
Fitted A3 = −3.033 × 10−9 m2 · s−2 · kPa−3 (Hung)

[4] Thermal accommodation corrected for
haver = 0.88: A−1 = 0

−1.914 1.277 3.191 −0.319

Fitted A3 = 2.5935 × 10−9 m2 · s−2 · kPa−3 (Fixed)
Fitted A3 = −1.2480 × 10−9 m2 · s−2 · kPa−3 (Hung)

[5] Thermal accommodation corrected for
haver = 0.88: A−1 = 0

−1.606 0.521 2.127 −0.543

Fixed A3 = 1.45 × 10−9 m2 · s−2 · kPa−3

[6] Thermal accommodation corrected for
h = 0.93 Fixed, h = 0.83 Hung: A−1 = 0

−1.028 −0.124 0.894 −0.576

Fixed A3 = 1.45 × 10−9 m2 · s−2 · kPa−3

The difference in kB from CODATA 2006 value for each fitting configuration, the difference between the
two isotherms, and the average value of the two isotherms. Notice the unphysical values of A3 resulting
from Fits 3 and 4, and the agreement for kB between all the other procedures: the four estimates are covered
by a range of 0.16 parts in 106

Bold value shows our best selected fitting procedure

in 106 below the CODATA 2006 value which is used as a convenient reference. Fit 2
used A3 = 1.20 × 10 m2 · s−2 · kPa−3 as recommended by Moldover et al. [4]. The
change in estimated values of A3 makes a difference of only 0.16 parts in 106 in our
estimate of kB

In Fits 3 and 4 we allowed the A3 term be fitted freely. This was done while allowing
the A−1 term to be either fitted (Fit 3) or fixed at the average value (Fit 4). Both fits
gave estimates for A3 that are physically implausible, and produced a wide dispersion
in c2(P = 0) values. We do not consider these fits satisfactory.
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In Fits 5 and 6 we fix the A3 term at the value used in Fit 1, and correct for the
A−1 term. This was done using the both the average value of the fitted A−1 term (Fit
5) and the individually fitted values (Fit 6). Using the individually fitted values gives
estimates for kB which are closer together (0.894 parts in 106 rather than 2.127 parts
in 106) but changes the average value by only 0.033 parts in 106).

It might seem overly lax to allow the A−1 term to differ between the two isotherms,
because the expected physical mechanism behind the P−1 term involves the accommo-
dation coefficient, h, which would not be expected to differ between the two isotherms
carried out with the same gas and the resonator. However, it is possible that there are
other physical processes which also contribute to a P−1 behavior. Most significant in
this respect is the large difference in flow rate between the two experiments (§2.4).
The fixed experiment used a flow rate of 50 SCCM while the hung experiment used a
flow rate of 5 SCCM. Although the physics which underlies a flow-dependent term is
not clear, flow-dependent effects have been reported. [36]

On the basis that the two isotherms agree most closely, we believe that Fit 6 gives
the best estimate of kB. However, it should be noted that with the exception of Fits
3 and 4 which yield unphysical values of the third virial coefficient, the four anal-
yses described in Table 12 yield estimates of kB which are covered by a total span
of 0.16 parts in 106. This gives us confidence in the robustness of our estimate and
the conservative nature of our uncertainty analysis. Table 13 outlines our uncertainty
budget.

We thus find
‘Fixed’ kB = 1.380 648 9 × 10−23J · K−1

‘Hung’ kB = 1.380 650 2 × 10−23J · K−1

‘Average’ kB = (1.380 649 6 ± 0.000 00 43) × 10−23J · K−1

This average value is 0.58 parts in 106 below the CODATA 2006 value with the
values consistent within combined (k = 1) uncertainties.

4 Towards a Final Measurement: Scope for Improvements

4.1 Discussion

The experiments described above were undertaken to identify limiting uncertainties,
which must be overcome to determine the Boltzmann constant with an uncertainty
of less than 1 part in 106. Some of our experimental choices were, in retrospect,
sub-optimal, and we believe there is significant scope for improvement.

4.2 Shape

Recent studies [8,9] have highlighted the importance of using resonators with a shape
that conforms closely to a shape amenable to modelling, ideally a triaxial ellipsoid.
The use of diamond-turning technology essentially solves that problem for aluminum
and copper resonators. Accounting for the perturbing effect of ducts, microphones,
and antennae has also been studied extensively.
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Table 13 Uncertainty budget for determining the Boltzmann constant

Term u(k =1) u(k =1) parts in 106

effect on kB

Comment

Radius nm on radius

Microwave mode dispersion 4.5 0.18 Standard deviation of six modes
using second-order theory of
Mehl

Perturbation uncertainty 10 0.40 Based on measurements

Equivalence of microwave and
acoustic volumes

50 2 Based on discrepancy
between the microwave and
replica estimates of the
microphone volume

Temperature mK

Temperature calibration 0.3 1.10 Based on the agreement between
the three thermometers

Temperature measurement
uncertainty

0.25 0.92 This accounts for possible
difference between the mean
temperature of the gas and the
temperature at the Equator

Correction to TPW 0.2 Effect of applying change in 2nd
virial coefficient with
temperature as a post correction

M/γ 0

Isotopic mass 0.21 This is the uncertainty estimate
from IRMM

Chemical impurity 1 This is difficult to estimate. We
consider it unlikely that other
noble gas impurities are at the
limit of detectability

Zero pressure limit

Analytical uncertainty 0.05 Based on the variation of results
using different analytical
schemes

Statistical uncertainty 0.04 Difference between shell
compensated and
non-compensated data

Acoustic perturbations

Microphone compliance 0.1 Extrapolates to 0 (may account
for dispersion of residuals in
combined fits

Second-order shape perturbation 0.5 Uncertainty in applicability of
models in imperfectly
ellipsoidal quasisphere

Thermal boundary layer 1.4 As evidenced by negative
‘excess’ half-widths

Total (in quadrature) 3.09
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Two copper quasispheres manufactured by Paul Morantz and colleagues at the
Cranfield University Department of Precision Engineering have recently been deliv-
ered to NPL. The spheres are nominally identical with an inner design surface given
by Eq. 1 with a radius of 62 mm (volume ∼ 1 l) and characterized by ε1 = 0.001
and ε2 = 0.0005. Measurements with a coordinate measuring machine indicate that
the deviation from form is less than ±1.5µm over the entire internal surface. We are
confident that the closeness of this sphere to the ideal shape will ensure excellent
consistency of microwave and acoustic data.

4.3 Microphones: Equivalent Volume Correction

Based on the studies of Mehl and Moldover [4], we expect the magnitude of the shape
perturbation introduced by the microphones to be of the same order as the differ-
ence in volume between the case when the microphones are in place, and the perfect
surface of the resonator with the microphones removed. Our results (§2.7) confirm
this, however this correction is large, amounting to a correction of 11 parts in 106

in kB for 2 GRAS 40BP or 40BF 0.64 cm (1/4 inch) microphones. The uncertainty
in this correction is the largest contribution to our uncertainty budget (Table 13).
For our next sphere we will use 0.32 cm (1/8 inch) microphones [GRAS 40 DP],
which will produce a volume perturbation of ∼1 part in 106 in a sphere of vol-
ume 1 L. We expect to be able to correct for this with uncertainty well below 1 part
in 106.

4.4 Isotopic Composition

As can be seen in Table 11, our two estimates of the zero pressure limit of c2 in argon
at 273.16 K differ by 2.7 parts in 106. Our initial analysis assumed that the isotopic
composition of the gas was the same in the two experiments and we concluded that
there was a difference of several parts in 106 between the results of the fixed and
hung isotherms. Several weeks later when the gas sample from the second isotherm
had been analysed at IRMM we found that the isotopic composition of the gas used
on the ‘hung’ isotherm differed by 3.77 parts in 106 from the gas used on the ‘fixed’
isotherm which accounted for much of the difference in the speed of sound. We are
continuing to study the variation in isotopic composition between nominally identical
gas bottles. Our studies are not yet complete but indicate that our uncertainty estimates
are sound.

4.5 Chemical Purity

With the exception of other noble gases, the SAES point-of-use purifiers should reduce
the levels of all impurity gases to levels well below 1 part in 106. The impurity lev-
els reported by suppliers do not refer to the level of other noble gases in argon, but
informal conversations with the suppliers give us no reason to believe that there are
significant levels of these gases in our argon. Our uncalibrated mass spectrometry
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tests have identified only neon as a significant impurity. In addition, experiments
with a cold trap held at a temperature of 100 K by one of us (LP) have confirmed
that the levels of xenon and krypton make no detectable difference to the speed of
sound.

In order to reduce this uncertainty we have begun preparation of specially prepared
argon samples ‘spiked’ with known levels of other noble gases. We will use these to
calibrate a gas chromatography/mass spectrometry measurement. We anticipate that
detection levels of 0.3 part in 106 for helium and neon will be possible, which will
reduce uncertainties substantially below 1 part in 106.

An alternative approach would be to use a gas other than argon. If we restrict our-
selves to noble gases, the only practical possibility is helium, and there are several
excellent reasons for using helium in this experiment. Use of helium with a point-of-
use purifier and a cold-trap would solve the chemical impurity problem, however, it
would raise many other experimental challenges.

4.6 Ducts

The gas inlet and outlet ducts on the sphere shift the frequencies of the resonance and
a sensitivity analysis has shown that there is moderate sensitivity to the duct diameters
and lengths. Recent theoretical and experimental study by Gillis et al. [34] support the
validity of the models used to estimate this correction.

4.7 Volume/Equivalent Radius

The recent publication of the second-order shape corrections by Mehl [8], and the
forthcoming publication of the effect of microwave probes by Underwood et al. [29],
indicate that the uncertainty of the volume estimation using microwaves can be reduced
to 0.3 parts in 106 in a quasi-spherical resonator of the correct form with a nominal
radius of 50 mm. Preliminary measurements on a second quasi-sphere (TCU2) have
been made and radius estimates from the 6 TM modes differ by less than ±2 nm. The
uncertainty in probe corrections and the equivalence of microwave and acoustic vol-
umes increases this uncertainty, but it is still reasonable to expect that measurements
in 62 mm radius spheres can be made with an uncertainty in kB of less than 0.5 parts
in 106.

Despite the robustness of the electromagnetic theory and the excellent agreement
between modes, a pycnometric measurement of the volume will be a key step in estab-
lishing the resonator volume. Unfortunately we have found only one candidate liquid
with which we can make low uncertainty measurements, namely water, and this has
significant compatibility problems with copper. In order to overcome these problems,
the copper must be coated with a 2 nm thick layer of benzotriazole (BTA) [35]. Using
a separate 0.5 L copper sphere we have made four independent pycnometry measure-
ments with results characterized by a range of volume of ±1.3 parts in 106 which
corresponds to ±22 nm on the radius of the equivalent sphere. This would contribute
0.9 parts in 106 in uncertainty to an evaluation of kB. A sphere coated with BTA will be
used to confirm the determination of the volume determined by microwaves, but this
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sphere will not be used for Boltzmann measurements because of the possible effects
of contamination of the argon.

4.8 Acoustic Modelling

The resonator used in this study and the NPL-Cranfield resonator in which future mea-
surements will be made have internal surfaces which are extremely close to the ideal
triaxially ellipsoidal form. However, the outer surfaces of both resonators are far from
being an ideal spherical shell. The outer surfaces have thickened regions for holding
the resonators, clamping the hemispheres together, and attaching sensors of various
kinds. This can lead to significant interactions between the radial acoustic modes used
to determine kB and the modes of vibration other than the ‘breathing mode.’ Critically,
this can cause the sound pressure field of a nominally ‘radial’ acoustic mode to acquire
a significant non-radial character. It may be that this feature is the one responsible for
the pressure dependence of the excess half-width. Currently, finite element models can
predict the frequency of radial modes in a perfectly spherical cavity with errors of less
than 1 part in 106 [37], and investigations into more complex situations are ongoing.

4.9 Temperature

The calibration and use of the cSPRTs at the required level have proved much
harder than originally anticipated. Many months of experiments have been spent
for investigating the impact on calibration due to a wide range of possible factors,
including many electrical effects. It is now clear that that a target uncertainty of
±0.1 mK is achievable in practice, but only by using special procedures. In partic-
ular, the same bridge must be used to calibrate and measure the cSPRTs. In addition,
the wiring used for the measurements must be identical with that used for calibra-
tion. Finally, two cSPRTs will be placed at each measurement location to ensure
confidence.

The NPL-Cranfield resonator will be surrounded by an isothermal copper shield,
and the reduction of the power from the acoustic preamplifier (§2.3, §2.5) should
reduce thermal gradients to a fraction of a millikelvin. Gradients will be monitored by
use of a 10-stage thermopile generating 400 nV · mK−1.

4.10 Summary and Prospects

Considering the effects in §4.2 to §4.9, we have constructed a tentative uncertainty
budget for our 2010 experiment (Table 14). The target of achieving an uncertainty of
1 part in 106 seems challenging, but achievable.
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Table 14 Target uncertainty budget for determining the Boltzmann constant with NPL-Cranfield quasi-
sphere

Term 2009 2010 Comment
Radius u(k = 1) (parts in 106 of kB)

Microwave mode dispersion 0.18 0.1 Larger sphere, better made and
better understood

Perturbation uncertainty 0.40 0.2 Based on recent measurements
Equivalence of microwave

and acoustic volumes
2 0.1 Smaller microphones

Temperature

Temperature calibration 1.10 0.3 Use of same bridge and wiring in
calibration and measurement

Temperature measurement 0.92 0.3 Much improved thermal design.
Replacement of commercial
acoustic amplifier with low
power transimpedance
amplifier

Correction to TPW 0.2 0.1 Improved temperature stability

M/γ 0

Molar mass 0.21 0.21 Multiple measurements from
each isotherm will confirm
reproducibility and identify any
systematic effects

Chemical impurity 1 0.5 Details uncertain, but will involve
cold traps, gas chromatography
and ‘spiked’ gas samples

Zero pressure limit

Analytical uncertainty 0.05 0.05 Unlikely to change

Statistical uncertainty 0.04 0.1 Might increase with smaller
microphones

Acoustic perturbations

Microphone compliance 0.1 0.1 Extrapolates to 0 (may account
for dispersion of residuals in
combined fits

Second-order shape perturbation 0.5 0.1 Improved modeling and highly
perfect form for resonator

Thermal boundary layer 1.4 0.5 Unknown, but we expect
improvements in our general
understanding

Total (in quadrature) 3.09 0.91
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